We report on the extensional dynamics of spinning drops in miscible and immiscible background fluids following a rotation speed jump. Two radically different behaviours
Introduction
Over the last century, liquid droplets have attracted the attention of physicists , since they are fairly simple to study and control under different conditions, and because they represent a model system to understand the physics of phenomena occurring on different scales, ranging from laboratory , to astrophysical ones . A droplet, for example, can spread out or ball up and spin depending on the interaction with the surface it lies on and its shape can be drastically modified by external fields or when it is set in motion , . In particular, rotating droplets are among the most studied cases of liquids deformed by an external field as they are relevant in many situations: rotation plays a pivotal role on the structure and evolution of large-scale flows taking place in oceans, atmosphere and in the very body of planets and stars , .
Freely-suspended droplets rotating at high speed tend to deform due to centrifugal forcing. Droplets change shape following a minimum energy principle, taking the lowest energy state for a given rotational frequency. This results into a series of non-trivial equilibrium shapes, strongly affected by surface tension , . The equilibrium shape of a weightless spinning droplet under the action of capillary forces was first discussed by Lord Rayleigh ( ) .
He found a solution in which the bubble is a surface of revolution which meets the axis of rotation. If the angular speed is zero, the bubble has a spherical form, while under the influence of rotation the sphere elongates along the rotation axis, and the oblateness increases upon increasing the angular velocity. However, more complicated shapes are obtained above a critical velocity that depends on interfacial tension and drop size, as shown by Hill et al.
for magnetically levitated water droplets. Magnetic levitation is indeed one appealing way to isolate and suspend single drops, however it is experimentally challenging, requiring the use of strong magnetic fields, especially for molecular fluids that display weak diamagnetic
properties.
An alternative experimental configuration is that of a drop of liquid immersed in a denser background fluid, both confined in a horizontal cylindrical capillary. When the capillary is set in rotation, centrifugal forces confine the drop on the axis, avoiding any contact with the capillary wall. Furthermore, the shape of the drop is dictated by the balance between the centrifugal force and interfacial tension, allowing the latter to be measured. This is the principle of spinning drop tensiometry, originally introduced by Vonnegut to measure interfacial tensions between immiscible fluids and further developed by Princen et al. ,
Torza , and Cayias et al. . Thanks to their work, spinning drop tensiometry (SDT) has become a versatile method, particularly well suited for measuring ultralow interfacial tensions (down to µN/m). Such low tensions can occur, for example, in water-hydrocarbonsurfactant systems and are of considerable scientific interest as well as of great importance for industrial applications.
While the majority of works on spinning drops tensiometry focussed on the equilibrium shape of the drops, several authors have characterized their relaxation after a jump in rotational speed, when suspended in an immiscible environment -. However, a general consensus on the mechanisms driving drop relaxation is still missing and different models have been proposed to capture the experimental behaviour of Newtonian drops for both small and large deformations -. On the experimental side, Joseph et al. performed relaxation tests using polydimethyl siloxane (η = 5 mPa s) drops in glycerol, a system similar to that investigated in the present work, using a spinning drop tensiometer described in Ref. at only one angular speed (ω = rpm). They found that the drop relaxes exponentially to its equilibrium shape. The same authors reported a similar exponential relaxation for drops of polystyrene in poly(methyl methacrylate) (PMMA), drops of standard oil in waterglycerol mixtures and drops of low-density polyethylene in PMMA . In all cases, the value of the relaxation constant departed from that predicted theoretically by the same authors for largely deformed drops (see below Eq. ). To summarize, several experiments suggest that largely deformed spinning drops in immiscible fluids relax exponentially towards an equilibrium shape after a jump of centrifugal forcing. However, a quantitative description of the relaxation time and a clear understanding of the relevant parameters that determine its value are still missing.
Research on drops in a miscible background fluid is less advanced. A full experimental characterization of drops showing pure extensional dynamics is missing: indeed, in most cases miscible drops undergo also a radial deformation due to secondary flows that set in a spinning capillary and this greatly complicates both measurements and modelling. P.
Petitjeans was the first to study fluids miscible in all proportions with SDT. In a series of measurements involving drops of water immersed in water-glycerol mixtures, he observed the stabilization of the drop radius after about seconds for mixtures containing more than % glycerin mass fraction. By measuring the drop radius and using Vonnegut's formula (see Section below), he inferred the effective (transient) interfacial tension between the fluids. Similar measurements were performed by J. Pojman and co-workers , , who investigated the existence of an effective interfacial tension (EIT) between miscible fluids, using i) mixtures of Isobutyric acid and water close to their critical point and ii) dodecyl acrylate drops in poly(dodecyl acrylate). They concluded that capillary forces are at work at the boundary between these fluids and quantified the EIT, again using Vonnegut's theory.
An important assumption in Refs.
is the fact that the drop reaches a quasi-equilibrium state or at least a steady state under rotation. Unfortunately, in these works the temporal evolution of the drop length is not reported: monitoring it would allow one to unambiguously ascertain the existence of such a steady state. Moreover, Pojman and co-workers observed the formation of dog-bone-shaped drops , suggesting that secondary viscous flows may perturb the system. Such effect has been first pointed out by Manning et al. , who discussed the role of secondary viscous flows in spinning drop tensiometry, underlining that they may lead to significant deviations with respect to the ideal case of Vonnegut's theory even for immiscible fluids, provided that the interfacial tensions is sufficiently low, Γ 10 µN/m.
In this work, we circumvent these difficulties and systematically investigate the temporal evolution of the drop length in SDT experiments that probe both immiscible and miscible systems, aiming in particular at detecting the existence of transient capillary forces at the interface between miscible fluids. Using a custom imaging setup, we follow the evolution of very elongated drops, assessing unambiguously whether or not a stationary state is reached.
By focussing on the drop length, we furthermore avoid the complications inherent to the measurement of the drop radius, stemming from the curvature of the cylindrical capillaryair dioptre. We compare the results of our experiments to existing theories for the stretching behaviour of drops, for both the immiscible and miscible cases. We find that immiscible drops relax to their equilibrium shape exponentially, with a characteristic relaxation time τ independent of both the magnitude of the jump in ω and the equilibrium length of the drop.
Our experiments therefore support the notion that for a given pair of fluids τ is an intrinsic
property of the system, in excellent agreement with the prediction for small deformations of quasi-spherical drops by Stone and Bush . The scenario for miscible fluids is strikingly different. We find that the drop shape never reaches a stationary state. Instead, for drops with a low concentration gradient with respect to the background fluid, the drop length increases indefinitely following asymptotically a power law, l(t) ∼ t The rest of the paper is organized as follows. Section briefly recalls the theoretical background and the existent predictions for the elongational dynamics of spinning drops. In section we present the materials employed and the experimental setup. Sections and present the results on the elongational dynamics for drops in an immiscible and miscible background fluid, respectively. Section concludes the paper. 
Theoretical background
where a is the radius of the drop at rest, λ = η d /η e the viscosity contrast, and f (λ) = (3+2λ) (16+19λ) 40 (1+λ) a dimensionless prefactor. The relaxation time described by Eq. turns out to be identical to that obtained for drops in an extensional flow , . Interestingly, according to Eq. , τ does not depend neither on the angular speed ω nor on its change ∆ω. 
where f J (λ, l eq , r eq , R c ) is a function of the viscosity contrast, the inner radius of the cylindrical container, R c , and the radius, r eq , and length, l eq , of the drop once equilibrium is reached at the final rotation speed ω f . This expression was derived for elongated drops, contrary to the theory of Ref. . However, both theories deal with the case where the change of the drop shape results from a small speed jump. Equation is qualitatively different from Eq. , since it predicts a dependence of τ on the equilibrium shape of the drop via r eq and l eq , and hence on ω f . Hu and Joseph noticed that their theoretical expression for τ typically underestimates the time observed in experiments , . They argued that the detailed form of the flow around the endcaps of the drop may slow down its relaxation and account for this discrepancy.
So far, we briefly reviewed the theoretical background for the case of immiscible fluids displaying a non-negligible surface tension, for which spinning drop tensiometry was originally conceived. However, SDT has been also used, albeit much less frequently, to investigate the drop shape in miscible environments, aiming at measuring capillary forces between miscible fluids -. Unfortunately, there is no theoretical prediction available so far for this case.
Capillary phenomena are expected to be weak, if not negligible, in miscible fluids. It is therefore interesting to briefly recall available results on the behaviour of immiscible drops in the limit of vanishing interfacial tension. We focus mostly on the "bubble" limit, i.e. for vanishing viscosity ratio λ between the drop and the surrounding fluid, and for intermediate ratios, as these cases will turn out to be of interest in our experiments.
In the cases of vanishing or intermediate viscosity ratios, Lister and Stone have obtained asymptotic scaling laws for spinning drops in an unbounded geometry. The drops are assumed to be long and slender, with (time-dependent) equatorial radius a 0 much smaller than the length l. At all times, the interface between the two fluids is supposed infinitely sharp and stable, and surface tension is supposed to be negligible. The rate of elongation and thinning is estimated by imposing a balance between the centrifugal pressure
times the area O(πa 2 0 ) over which it acts, and the dominant resisting viscous stress times the area over which it acts. The viscous stress is found to depend on both the viscosity ratio λ and the aspect ratio l/2a 0 . We anticipate here that for the drop-background fluid system that we will consider here after, namely a drop containing % wt H O and % wt glycerol suspended in pure glycerol, λ = 0.537 and 1 l/2a 0 50.
As it will turn out to be relevant for our drops, we first discuss the low viscosity ratio 
In the opposite case, λ 1/ ln(l/2a 0 ), similar estimates lead to
) and the factor ln t/t arises from a leading-order expansion of ln(l/2a 0 ), which is assumed much larger than . It is worth noting that for our drops with % wt H O and % wt glycerol in a bath of pure glycerol one hast = . s and the logarithmic correction is negligible on the typical experimental time scale.
For a larger viscosity ratio, λ (l/2a 0 ) 2 / ln(l/2a 0 ) 1, extended drops resist deformation under the centrifugal pressure primarily owing to the internal gradient of the axial velocity. The deformation is analogous to the stretching of a piece of toffee . This case is not relevant to our experiments and will not be discussed further.
Materials and methods . Materials
Glycerol (≥ . % wt) was purchased from Sigma Aldrich and used without further purification. Silicon Oil (SO) has been purchased from Brookfiled Ametek and used as received.
Milli-Q ultra pure water has been employed to prepare the water-glycerol mixtures. Densities ρ and zero-shear viscosities η at T= • C of these liquids are reported in Table . Fluorescein (disodium salt) (from Merck KGaA) was dissolved in all water/glycerol drops (at a concentration of · −3 wt/wt), for which pure glycerol was the background fluid. a The viscosity of the water-glycerol mixture and the pure glycerol were measured performing steady rate rheology experiments at shear rates ranging from 10 s −1 up to 300 s −1 , using a stress-controlled AR 2000 rheometer (TA Instruments) equipped with a steel cone-and-plate geometry (cone diameter = 50 mm, cone angle = 0.0198 rad). All samples showed pure Newtonian response with no dependence of viscosity on the shear rate. b The viscosity and the density of SO are those quoted by the supplier company. c The density of the water-glycerol mixture was inferred from the measured zero-shear viscosity, using tables reporting both η and ρ as a function of c w 32 .
.
Experimental setup
All experiments were performed with a Krüss spinning drop tensiometer. Rates of rotation were accurate to %. The temperature was always set to . ± .
• C and kept constant using a flow of temperature-controlled air. Different tests were performed with rotation rates ranging from rpm to rpm, such that buoyancy effects were negligible compared to centrifugal ones: the displacement of the drop off the rotation axis due to This resulted in the formation of an isolated drop due to the viscous pinch-off mechanism induced by surface tension . Drops of different volume V were obtained by depositing a larger initial volume of SO in the capillary.
Imaging the "interface" between two miscible fluids, by contrast, is more challenging.
First of all, the sharp optical contrast characterizing the boundary between the two fluids when they are initially brought in contact vanishes in few seconds, due to diffusion that smears out the concentration gradient. The smearing time is much smaller than the typical duration of our experiments, which is on the order of several minutes. In order to follow the evolution of very elongated miscible drops, we have extended the field of view in the direction of the capillary axis (the x direction in Fig. ) . The custom imaging setup designed to this end is sketched in run at a frame rate Hz was used, the image size being x pixels. The magnifications M x and M y were measured by inserting a calibrated plastic grid into the capillary filled with the external fluid (glycerol). The lattice spacing was then measured in both the x and y directions, yielding calibration constants of pixel/mm and pixel/mm in the x and y directions, respectively.
For miscible fluids, all drops were injected directly in the capillary flushed and pre-filled with glycerol. Care was taken to make sure that air bubbles were removed from the capillary before sample injection. All drops were formed in the pre-filled capillary at rest, using a µl syringe, and their volume has been fixed to µl. The microsyringe was smoothly removed from the capillary, to avoid the formation of tails of fluoresceinated water-glycerol mixtures that would have hampered the formation of initially quasi-spherical drops.
In the following we shall compare our experimental results to theories assuming that, upon a change of ω, the final rotational speed is attained instantaneously and the fluids move solidly with the capillary. In experiments, however, changing ω and attaining a new rotational speed, uniform everywhere in the capillary, require a finite time due to the setup inertia and finite momentum diffusivity. It is therefore important to estimate these time scales and compare them to that of the drop evolution. In order to estimate τ setup , the time required for the setup to change ω, we consider the worst-case scenario, ω i = 6000 rpm and ω f = 15000, and measure the relaxation dynamics of a fast-relaxing drop of butanol in water, for which the theoretical relaxation time according to Eq. is τ 0.1 s. We measure a much larger relaxation time of about . s, which we thus identify with the setup response time τ setup . The time for the system (capillary, drop, and background fluid) to move uniformly at one single ω can be estimated as the ratio between the squared capillary radius and the momentum diffusivity. Typical values are of the order of τ diff R 2 0 ρ ηe ≈ 0.01 s. In our experiments on both miscible and immiscible fluids, the drops always evolve on time scales much larger than both τ setup and τ diff ; thus, we shall consider that the final rotation speed and the rigid motion of the fluids are attained instantaneously.
Drop extension in immiscible liquids
In order to test the predictions of existing theories, we investigated the relaxation dynamics of SO drops in an immiscible glycerol background, upon a rotation speed jump.
We start by showing in panels A to C of µl in glycerol. The equilibrium radius is measured at the midsection of the drop. The solid line is a linear fit of the data, from which Γ has been calculated using Vonnegut's formula (Eq. ). Error bars are calculated from the standard deviation of the radius over time. Table . To monitor possible deviations from a power-law behaviour,
, shown in the inset of It is furthermore consistent with previously reported data for the effective interfacial tension in water-glycerol mixtures , from which we expect Γ 0.02 mN/m for our system.
It is worth noting that the interface between the two fluids is supposed to be infinitely sharp in Ref. , while it is smeared out by diffusion in our experiments. It is thus important to analyze the effects of diffusion, in order to rationalize why the diffusion-free model by Lister and Stone describes so well our data. Due to diffusion, the effective surface tension tends to decrease with time, since the composition gradient at the interface diminishes. However, this evolution is most likely masked by the fact that for miscible systems Γ is anyway low enough to meet the Γ → 0 condition postulated in Ref. at all times. Diffusion may also impact the drop evolution in a more subtle way, by coupling to the centrifugal forcing: the forcing may change the evolution of the concentration profile; in turn, a smeared profile modifies the centrifuge forces. We first show that in fact the centrifugal forcing does not affect Fickian diffusion within the capillary. The length scale over which the mass distribution of the two liquids is affected by rotation may be estimated by calculating the approximate equilibrium profile of water molecules in a water/glycerol mixture at ω > 0. Following we obtain :
where x w is the mole fraction of water in the mixture and l ω f is the rotational length
i.e. the analogous to the gravitational length calculated under static conditions . Here R is the universal gas constant, T the absolute temperature, M w and v w the molecular weight and the partial molar volume of water and ρ av the average density of the mixture. For water and glycerol at ω f = 15000 rpm we obtain l ω f . m much greater than the capillary radius ,
showing that in our system the centrifugal forcing is far from affecting inter-diffusion between the drop and the surrounding liquid.
Having established that diffusion can be safely taken to be Fickian, we discuss its effect on the centrifugal forcing. Although the diffusion of water initially contained in the drop is a slow process, its effect over the typical duration of our experiments (several hundreds of seconds) is not negligible. Indeed, it takes about s for a water molecule to diffuse in glycerol over a distance of 100 µm : diffusion does indeed smear out significantly the interface between the drop and the surrounding medium during the experiment. Because of smearing, the pressure field in the capillary is different from that for a sharp interface. In our experiments the dominant contribution to the drop dynamics arises from the pressure jump ∆P across the endcaps of the drop; we thus calculate ∆P for the two cases of a sharp or diffused interface. For a sharp interface, the net pressure exerted on the head of a quasi cylindrical drop is
where r 0 is the radius of the drop with sharp boundaries.
Equation is actually a particular case of a more general expression that arises from the difference between the pressure field integrated along two distinct radial trajectories: one lying outside the spinning drop, the second one partially included in the drop, as sketched in Fig. . Under rotation, this gives rise to an effective hydrostatic pressure on the drop that reads:
where ρ 1 is the density profile along the line , equal to the density of the surrounding liquid, ρ 2 is the density profile along the line and R c = 1.625 mm for our capillary. The density profile along line is computed by solving the diffusion equation along the radial direction r.
Figure : Scheme for the general case of a drop with diffused interface. The pressure field can be integrated on lines and to obtain the forcing on the drop.
Since diffusion is slow, one can simplify the problem by considering the section sketched in Fig. as being composed by two semi-planes separated by an initially planar boundary at distance r 0 from the origin, the latter corresponding to the rotation axis of the capillary.
Considering that the density of water-glycerol mixtures varies linearly with the water weight fraction for 0 ≤ c w ≤ 0.05 , Eq. can be written as
where r 0 is the drop radius, ∆ρ= kg/m 3 is the initial density difference between the drop and the background fluid, D w = . · −11 m 2 /s is the diffusion coefficient of water in glycerol and t is the time elapsed since the drop has been inserted in the capillary.
From the experimental images we estimate that the radius r 0 , defined as the position of the flex point of the radial intensity profile, lays between . and . mm. By using Eq.
an upper bound for the relative variation of the hydrostatic pressure can be calculated:
for t = 1000 s, while the same quantity is as small as % for t = 100 s. We thus expect that the dynamics are essentially not affected by diffusiondriven effects for the first few hundred seconds, while some limited impact may be present in the last time decade (10 2 -10 3 s) explored in our experiments. Consistently with this analysis, 
Conclusions
We have investigated experimentally the relaxation of Newtonian spinning drops after a jump of angular speed, detailing two radically different cases: i) immiscible fluids with viscosities high enough for the slow extensional dynamics to be fully uncoupled from the inertial response of the tensiometer; ii) miscible fluids with negligible capillary effects and no deformations due to secondary flows in the rotating capillary. A crucial experimental improvement was the use of a custom imaging geometry, which allowed us to follow the elongation of drops up to very large aspect ratios, a regime never probed experimentally before. By imaging the full drop, we were furthermore able to rule out the presence of shape instabilities for all the samples discussed here, and unambiguously ascertain whether or not a steady state was eventually reached.
For immiscible fluids, we have found that the drop dynamics is described remarkably well by predictions for a quasi-spherical drop subject to small deformations, for which the typical relaxation time does not depend on the forcing, i.e. the product ω 2 ∆ρ, nor on the equilibrium length or shape of the drops. For these immiscible drops, the relaxation dynamics depend only on the interfacial tension Γ, the drop radius at rest, and the viscosity of the drop and decreases, becoming unmeasurable for c g < % wt. This is consistent with our result that the elongation dynamics of drops with composition very close to that of the background fluid is well described by Lister's and Stone's theory, where interfacial tension is neglected .
Indeed, in our system the composition mismatch is smaller than the smallest one for which Petitjean was still able to measure Γ (compare c w = 5% wt to c g = 40% wt).
The results presented here should help clarifying the debate on the behavior of spinning drops in miscible and immiscible background fluids. We hope that they will also stimulate further theoretical work in this field.
